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A COMBINATORIAL DESCRIPTION OF
THE DORMANT MIURA TRANSFORMATION
YASUHIRO WAKABAYASHI
Abstract. A dormant generic Miura sl2-oper is a flat PGL2-bundle over an algebraic curve
in positive characteristic equipped with some additional data. In the present paper, we give
a combinatorial description of dormant generic Miura sl2-opers on a totally degenerate curve.
The combinatorial objects that we use are certain branch numberings of 3-regular graphs.
Our description may be thought of as an analogue of the combinatorial description of dormant
sl2-opers given by S. Mochizuki, F. Liu, and B. Osserman. It allows us to think of the Miura
transformation in terms of combinatorics. As an application, we identify the dormant generic
Miura sl2-opers on totally degenerate curves of genus > 0.
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Introduction
0.1. The purpose of the present paper is to give a combinatorial description of dormant generic
Miura sl2-opers. The combinatorial objects that we use are certain branch numberings of 3-
regular (i.e., trivalent) graphs. Our description will be thought of as an analogue of the
combinatorial description of dormant sl2-opers given by S. Mochizuki, F. Liu, and B. Osserman
(cf. [11], Introduction, § 1.2, Theorem 1.3; [9], Theorem 3.9). It allows us to think of the Miura
transformation in terms of combinatorics.
The celebrated Miura transformation concerns the Korteweg-de Vries (KdV) and the mod-
ified KdV (mKdV) equations. The KdV equation was derived as an equation modeling the
behavior of shallow water waves moving in one direction by Korteweg and his student de Vries.
The KdV equation reads
vt − 6vvx + vxxx = 0,(1)
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while its modified counterpart, the mKdV equation, equals
ut − 6u
2ux + uxxx = 0.(2)
Let us take a solution u ∈ C[[t, x]] to the mKdV equation. Then, the function v characterized
by the equality of differential operators
(∂x − u)(∂x + u) = ∂
2
x − v(3)
(i.e., v = u2 − ux) specifies a solution to the KdV equation. The assignment
u 7→ v (= u2 − ux)(4)
is nothing but the Miura transformation.
Recall that the differential operator ∂2x− v (resp., (∂x−u)(∂x+ u)) in the right-hand (resp.,
the left-hand) side of (3) corresponds, in the usual manner, to the connection on a vector
bundle (i.e., the first order matrix differential operator) of the form
∇ = ∂x −
(
0 v
1 0
) (
resp., ∇Miura = ∂x −
(
u 0
1 −u
))
.(5)
A connection of the form (5) is called an sl2-oper (resp., a generic Miura sl2-oper). If the
underlying space of the vector bundle is a Riemann surface, then such a connection may be
identified with a projective connection (resp., an affine connection) on this Riemann surface
(cf. [3]). ∇Miura becomes ∇ after gauge transformation by some upper triangular matrix. This
implies that the Miura transformation may be thought of as the assignment from generic Miura
sl2-opers ∇Miura to sl2-opers ∇ induced by gauge transformations in this way.
0.2. In the present paper, we consider the case of (Miura) opers in positive characteristic.
A remarkable point is that unlike the complex case, one may have a generic Miura sl2-oper
on some entire (i.e., proper) smooth curve in positive characteristic of genus > 1. This fact
has already proved in the previous work concerning dormant generic Miura opers and Tango
structures (cf. [15], Theorems A and B). Here, an sl2-oper (resp., a generic Miura sl2-oper) is
called dormant if it has vanishing p-curvature. (We refer to [14] for various discussions and
results concerning dormant opers on pointed stable curves.) Each pointed stable curve X gives
rise to the set
Op
Zzz...
sl2,X
(resp., MOp
Zzz...
sl2,X
)(6)
of isomorphism classes of dormant sl2-opers (resp., dormant generic Miura sl2-opers) on X.
The Miura transformation described in terms of opers (i.e., ∇Miura 7→ ∇ as discussed in the
previous subsection) gives a map
µ
Zzz...
X : MOp
Zzz...
sl2,X → Op
Zzz...
sl2,X,(7)
referred to as the dormant Miura transformation. Our main interest of the present paper
is to understand, in terms of combinatorics, the behavior of this map for the case where the
underlying curve is totally degenerate (cf. the discussion preceding Proposition 2.2.2)
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0.3. To this end, we first recall the combinatorial description of dormant sl2-opers on such a
curve, which was obtained in the work by S. Mochizuki in the context of p-adic Teichmu¨ller
theory and the work by F. Liu and B. Osserman. Let (g, r) be a pair of nonnegative integers
with 2g− 2+ r > 0 and X a totally degenerate curve of type (g, r) over an algebraically closed
field k of characteristic p > 2. X associates its dual marked semi-graph Γ+ (cf. the discussion
in Remark 1.1.7), which is 3-regular. A balanced p-edge numbering (cf. Definition 2.1.1,
(i) for its precise definition) on Γ+ is a numbering (ae)e∈EΓ on the set of edges EΓ of Γ
+
satisfying certain triangle inequalities with respect to each triple of numbers incident to one
vertex. Denote by
p-EdbalΓ+(8)
the set of balanced p-branch numberings on Γ+. Then, there exists a canonical bijection
p-EdbalΓ+
∼
→ Op
Zzz...
sl2,X
(9)
(cf. the discussion preceding Proposition 2.2.2 for the precise construction). The inverse of
(9) is obtained by taking the radii of dormant sl2-opers on X restricted to the various rational
components of its normalization.
A balanced p-edge
numbering (with p>> 0)
3
4
6 7
5
3
2
2
9
10 1 2
9
2
3
8
7 4 5
6
3
8
A strict p-branch
numbering (with p = 11)
Next, we introduce the notion of a strict p-branch numbering (cf. Definition 2.3.1) on Γ+,
which is defined to be a certain numbering (εb)b∈BΓ on the set of branches BΓ of Γ
+ satisfying
some conditions, including the condition that the three numbers incident to one vertex amount
precisely to p + 1. Each strict p-branch numbering (εb)b∈BΓ on Γ
+ induces a balanced p-edge
numbering (εµe )e∈EΓ on Γ
+ which is well-defined in such a way that for each e ∈ EΓ having a
branch b ∈ BΓ, ε
µ
e equals
p−εe−1
2
if εe is even and ε
µ
e equals
m−1
2
if εe is odd. by
p-BrstΓ+(10)
the set of strict p-branch numberings on Γ+. Then, the assignment (εb)b∈BΓ 7→ (ε
µ
e )e∈EΓ defines
a map
µcombΓ+ : p-Br
st
Γ+ → p-Ed
bal
Γ+ .(11)
The main result of the present paper is as follows (cf. Corollary 2.4.3 for its refinement).
Theorem A.
Let X and Γ+ be as above. Then, there exists a canonical bijection
p-BrstΓ+
∼
→MOp
Zzz...
sl2,X
(12)
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making the following square diagram commute:
p-BrstΓ+
(12)
−−−→
∼
MOp
Zzz...
sl2,X
µcomb
Γ+
y yµZzz...X
p-EdbalΓ+
∼
−−−→
(9)
Op
Zzz...
sl2,X
.
(13)
The above theorem implies that one may consider the morphism µcombΓ+ as a combinatorial
realization of the dormant Miura transformation. By means of this combinatorial description,
we prove (cf. Corollary 2.5.2) that there is no dormant generic Miura sl2-oper on a totally
degenerate curve of genus > 1. This result may be thought of as a combinatorial (and dormant)
analogue of the emptiness (proved in [3], Lemma 1) of the space of complex affine structures
on a compact hyperbolic Riemann surface. Also, we identify (in terms of combinatorics) the
dormant generic Miura sl2-opers on totally degenerate curves of genus 1 (cf. Proposition 2.5.1
(ii) and its proof).
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Notation and conventions
Let us introduce some notation and conventions used in the present paper. Throughout the
present paper, we fix an algebraically closed field k of characteristic p > 2 and a pair of
nonnegative integers (g, r) with 2g − 2 + r > 0.
For a log scheme indicated, say, by Y log, we shall write Y for the underlying scheme of
Y log. If, moreover, Z log is a log scheme over Y log, then we shall write ΩZlog/Y log for the sheaf
of logarithmic 1-forms on Z log over Y log and write TZ log/Y log := Ω
∨
Z log/Y log for its dual. (Basic
references for the notion of a log scheme are [6], [4], and [5].)
Given a set S and a positive integer r, we shall denote by S×r the set of r-tuples of elements
in S.
1. Dormant generic Miura sl2-opers
1.1. Semi-graphs.
First, recall from [Mo3], Appendix (or [Mo4], § 1), the definition of a semi-graph, as follows.
Definition 1.1.1.
A semi-graph is a triple
Γ = (VΓ, EΓ, ζΓ),(14)
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where
• VΓ denotes a set, whose elements are called vertices;
• EΓ denotes a set, whose elements are called edges, consisting of sets with cardinality
2 satisfying the condition that e 6= e′ ∈ EΓ implies e ∩ e
′ = ∅;
• ζΓ denotes a map
∐
e∈EΓ
e → VΓ ∪ {VΓ} (where we note that VΓ ∩ {VΓ} = ∅ since
VΓ /∈ VΓ), which is called a coincidence map.
Let e be an edge of Γ (i.e., e ∈ EΓ). Then, we shall refer to any element b ∈ e as a branch
of e. If b is a branch of e, then we shall denote by
b> (∈ e)(15)
the branch of e with {b, b>} = e. We shall write
BΓ :=
∐
e∈EΓ
e(16)
and, for each v ∈ VΓ ∪ {VΓ}, we write
Bv := ζ
−1
Γ ({v})(17)
(hence, BΓ =
∐
v∈VΓ∪{VΓ}
Bv).
Let us fix a semi-graph Γ := (VΓ, EΓ, ζΓ).
Definition 1.1.2.
(i) We shall say that Γ is finite if both VΓ and EΓ are finite.
(ii) Let m be a positive integer. We shall say that Γ is m-regular if for any vertex v ∈ VΓ,
the cardinality of Bv is precisely m.
Definition 1.1.3.
(i) Let u, v be vertices of Γ. A path from u to v is an ordered collection (bj)
l
j=1 (for some
positive integer l) of branches of Γ such that u = ζΓ(b1), v = ζΓ(b
>
l ), and ζΓ(b
>
j ) =
ζΓ(bj+1) for any j ∈ {1, · · · , l − 1}.
(ii) We shall say that Γ is connected if for any two distinct vertices u, v ∈ VΓ, there exists
a path from u to v.
Definition 1.1.4.
Suppose that Γ is finite, connected, and 3-regular. Then, we shall say that Γ is of type (g, r)
if the following equalities hold:
g = 1− ♯(VΓ) + ♯(EΓ)− ♯(BVΓ), r = ♯(BVΓ).(18)
Remark 1.1.5.
In a natural way (cf., e.g., [Mo4], § 1), the semi-graph Γ may be thought of as a topological
space. Thus, it makes sense to speak of the Betti number of Γ, which we shall denote by β(Γ).
If Γ is finite, connected, and 3-regular, then the equality g = β(Γ) holds.
Definition 1.1.6.
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(i) Suppose that Γ is finite. A marking on Γ is a bijection of sets
λΓ : BVΓ
∼
→ {1, · · · , r},(19)
where r := ♯(BVΓ). In particular, if ♯(BΓV ) = 0, then we consider any semi-graph as
being equipped with a unique marking BΓV
∼
→ ∅.
(ii) A marked semi-graph is a quadruple
Γ+ := (VΓ, EΓ, ζΓ, λΓ),(20)
where Γ := (VΓ, EΓ, ζΓ) is a finite semi-graph and λΓ is a marking on Γ. We shall refer
to Γ as the underlying semi-graph of Γ+.
Remark 1.1.7.
Let X := (X/k, {σi}
r
i=1) be a pointed stable curve of type (g, r) over k. Then, in the usual
manner, one can associate to X a marked semi-graph
Γ+X := (VX, EX, ζX, λX)(21)
defined as follows. VX is the set of irreducible components of X and EX is the disjoint union
NX ⊔ {σi}
r
i=1 of the set of nodal points NX (⊆ X(k)) and the set of marked points {σi}
r
i=1.
Here, note that any node e ∈ X(k) has two distinct branches b1 and b2, each of which lies
on some well-defined irreducible component of X ; we shall identify e with {b1, b2}. Moreover,
identify each marked point σi with the set {σi, {σi}}. In this way, we regard the elements of EX
as sets with cardinality 2. Also, we define ζX to be the map
∐
e∈EX
e→ VX ∪ {VX} determined
as follows:
• if b ∈ e (for some e ∈ NX) or b = σi (for some i), then ζX(b) is the irreducible component
(i.e., an element of VX) in which b lies;
• ζX({σi}) = {VX} for any i.
(Hence, BVX = {{σi}}
r
i=1.) Finally, λX is given by assigning {σi} 7→ i (for any i ∈ {1, · · · , r}).
We shall refer to Γ+X as the dual marked semi-graph associated with X.
We shall write
F˜p := {0, 1, · · · , p− 1} (⊆ Z) ,(22)
and write τ for the natural composite bijection
τ : F˜p →֒ Z։ Fp (:= Z/pZ) .(23)
Let us define an involution (−)⊻ on F˜p to be the map given as follows:
(24) m⊻ :=
{
p−m if m ∈ F˜p \ {0},
0 if m = 0.
In particular, we have τ(m⊻) = −τ(m).
Definition 1.1.8.
(i) A p-branch numbering on Γ is a collection ~m := (mb)b∈BΓ ∈ F˜
BΓ
p of elements of F˜p
indexed by the set BΓ such that for any edge e := {b, b
>}, the equality mb> = m
⊻
b holds.
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(ii) Assume further that Γ is finite and BVΓ 6= ∅. Also, assume that we are given a marking
λΓ : BVΓ
∼
→ {1, · · · , r} (where r := ♯(BVΓ)) on Γ and an element ~ε := (εi)
r
i=1 of F
×r
p .
Then, we shall say that a p-branch numbering ~m := (mb)b∈BΓ ∈ F˜
BΓ
p is of exponent ~ε
if τ(mb) = ελΓ(b) for any b ∈ BVΓ . For convenience, (regardless of whether BVΓ is empty
or not) we shall refer to any p-branch numbering as being of exponent ∅.
1.2. Opers and Miura opers on a pointed stable curve.
Next, we recall the notion of a dormant generic Miura oper defined on a pointed stable
curve. We refer to [15] for various definitions and notation used in this section.
Let
(25) X := (f : X → Spec(k), {σi : Spec(k)→ X}
r
i=1)
be a pointed stable curve over k of type (g, r), consisting of a (proper) semi-stable curve X
over k of genus g and r marked points σi (i = 1, · · · , r) of X . Note that there exists natural
log structures on X and Spec(k) (cf. [15], § 1.1); we denote the resulting log schemes by
Spec(k)X-log and XX-log(26)
respectively. If there is no fear of causing confusion, we write Spec(k)log (or just klog) and
X log instead of Spec(k)X-log and XX-log respectively. The structure morphism f : X → Spec(k)
extends to a morphism f log : X log → Spec(k)log of log schemes, by which X log determines a
log-curve over Spec(k)log (cf. [1], Definition 4.5 for the definition of a log-curve).
Let us recall briefly the definitions of an sl2-opers and a Miura sl2-oper. Denote by PGL2
the projective linear group over Fp of rank 2 (considered as an algebraic group over k via base-
change by Fp →֒ k) and by B the Borel subgroup of PGL2 defined to be the image (via the
quotient GL2 ։ PGL2) of upper triangular matrices. Let us identify sl2 with the Lie algebra
of PGL2. An sl2-oper on X is a pair E
♠ := (EB,∇E) consisting of a (right) B-torsor EB over X
and a klog-connection ∇E on the PGL2-torsor EPGL2 := EB ×
B PGL2 induced by EB such that
EB is transversal to ∇E . (Here, we refer to [15], § 1.3, for the definition of a connection on a
torsor in the logarithmic sense, and refer to Definition 3.1.1 (i) in loc. cit. or [11], Chap. I, § 2,
Definition 2.2 for the precise definition of an sl2-oper). Also, aMiura sl2-oper on X is defined
to be a collection of data Ê♠ := (EB,∇E , E
′
B, ηE), where (EB,∇E) is an sl2-oper on X, E
′
B is
another B-torsor E ′B over X , and ηE is an isomorphism E
′
B ×
B PGL2
∼
→ EPGL2 of PGL2-torsors
via which E ′B is preserved by ∇E (cf. Definition 3.2.1 in [15] for the precise definition of a Miura
sl2-oper). We shall say that a Miura sl2-oper Ê
♠ := (EB,∇E , E
′
B, ηE) is generic (cf. Definition
3.3.1 in loc. cit.) if EB and E
′
B are in generic relative position. Moreover, we shall say that an
sl2-oper E
♠ := (EB,∇E) (resp., a Miura sl2-oper Ê
♠ := (EB,∇E , E
′
B, ηE)) is dormant if ∇E has
vanishing p-curvature (cf. [14], Definition 3.2.1 for the definition of p-curvature). Denote by
Opsl2,X
(
resp., MOpsl2,X
)
(27)
the set of isomorphism classes of sl2-opers (resp., the set of isomorphism classes of generic
Miura sl2-opers) on X. Also, denote by
Op
Zzz...
sl2,X
(
resp., MOp
Zzz...
sl2,X
)
(28)
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the subset of Opsl2,X (resp., MOpsl2,X) consisting of dormant sl2-opers (resp., dormant generic
Miura sl2-opers). The assignment (EB,∇E , E
′
B, ηE) 7→ (EB,∇E) determines a map of sets
µX : MOpsl2,X → Opsl2,X,(29)
which is nothing but the Miura transformation discussed in Introduction. This map restricts
to a map
µ
Zzz...
X : MOp
Zzz...
sl2,X → Op
Zzz...
sl2,X,(30)
referred to as the dormant Miura transformation for X.
1.3. Radius and exponent.
Next, let t be the Lie algebra associated with the maximal torus of PGL2 consisting of the
image (via the quotient GL2 ։ PGL2) of diagonal matrices. Denote by c the GIT quotient
sl2//PGL2 of sl2 by the adjoint action of PGL2 and by χ : t ։ c the composite quotient
t →֒ sl2 ։ c. Since t and c is defined over Fp, it makes sense to speak of the sets t(Fp), c(Fp)
of the Fp-rational points of t, c respectively. Let us write
ρˇ :=
(
1
2
0
0 −1
2
)
∈ t(Fp).(31)
Then, the assignment ε 7→ ε · ρˇ determines a bijection k
∼
→ t(k).
According to [14], Definition 2.9.1, the notion of the radii of a given sl2-oper is defined as
an element of c(k)×r (if r > 0). Also, the notion of the exponent (cf. [15], Definition 3.6.1) of a
given generic Miura sl2-oper is defined as an element of t(k)
×r (if r > 0). For convenience, we
shall refer to any sl2-oper (resp., generic Miura sl2-oper) as being of radii ∅ (resp., of exponent
∅). For each ~ρ ∈ c(k)×r (resp., ~ε ∈ t(k)×r), where ~ρ := ∅ (resp., ~ε := ∅) if r = 0, we denote by
Op
Zzz...
sl2,X,~ρ
(
resp., MOp
Zzz...
sl2,X,~ε
)
(32)
the subset of Op
Zzz...
sl2,X
(resp., MOp
Zzz...
sl2,X
) consisting of dormant sl2-opers of radius ~ρ (resp.,
dormant generic Miura sl2-opers of exponent ~ε). It follows from [14], Theorem C, and [15],
Theorem 3.8.3, that these sets are finite. Moreover, the sets Op
Zzz...
sl2,X
and MOp
Zzz...
sl2,X
decompose
into the disjoint unions
Op
Zzz...
sl2,X =
∐
~ρ∈c(Fp)×r
Op
Zzz...
sl2,X,~ρ, MOp
Zzz...
sl2,X =
∐
~ε∈t(Fp)×r
MOp
Zzz...
sl2,X,~ε(33)
respectively. The map (30) restricts to a map
µ
Zzz...
X,~ε : MOp
Zzz...
sl2,X,~ε
→ Op
Zzz...
sl2,X,χ(~ε)
,(34)
where χ(~ε) := (χ(εi))
r
i=1 if r > 0 (resp., χ(~ε) := ∅ if r = 0).
1.4. Pre-Tango structures on a pointed stable curve.
In this subsection, we recall the definition of a pre-Tango structure given in [15], Definition
5.3.1. Let X := (X, {σi}
r
i=1) be as above.
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Definition 1.4.1.
A pre-Tango structure on X is defined to be a klog-connection ∇Ω on the line bundle
ΩXlog/klog (i.e., a k-linear morphism ∇Ω : ΩXlog/klog → Ω
⊗2
Xlog/klog
satisfying the Leibniz rule:
∇Ω(a · v) = da ⊗ v + a · ∇Ω(v), where a ∈ OX , v ∈ ΩXlog/klog) satisfying the following two
conditions:
• It has vanishing p-curvature;
• If CXlog/klog denotes the Cartier operator ΩXlog/klog → ΩX(1)log/klog induced by (the inverse
of) “C−1 ” resulting from [6], Theorem 4.12 (1), where X(1) is the Frobenius twist of
X over k, then the inclusion relation Ker(∇Ω) ⊆ Ker(CXlog/klog) holds.
Note that it makes sense to speak of the monodromy (at each marked point σi of X) of a
pre-Tango structure on X (cf. [14], Definition 1.6.1 for the definition of monodromy). The
monodromy of a pre-Tango structure lies in k (∼= EndOX(σ
∗
i (ΩXlog/klog))). For convenience, we
shall refer to any pre-Tango structure as being of monodromy ∅.
Let ~ε := (εi)
r
i=1 be an element of F
×r
p (where ~ε := ∅ if r = 0). Denote by
TanX
(
resp., TanX,~ε
)
(35)
the set of pre-Tango strcutres on X (resp., pre-Tango structures on X of monodromy ~ε). The
set TanX decomposes into the disjoint union
TanX =
∐
~ε∈F×rp
TanX,~ε(36)
(cf. [15], (190)). If CoX denotes the set of k
log-connections on ΩXlog/klog , then there exists a
natural bijection of sets
CoX
∼
→MOpsl2,X,(37)
which induces, by restriction, a bijection
TanX
∼
→MOp
Zzz...
sl2,X
(38)
(cf. [15], Theorems 4.4.1 and 5.4.1). If we write
~ε · ρˇ := (εi · ρˇ)
r
i=1(39)
(where ~ε · ρˇ := ∅ if r = 0), then it restricts to a bijection
TanX,~ε
∼
→MOp
Zzz...
sl2,X,~ε·ρˇ
.(40)
1.5. Gluing pre-Tango structures.
Let us discuss the procedure for gluing pre-Tango structures by means of a clutching data.
To begin with, we shall define the notion of a clutching data, as follows.
Definition 1.5.1.
A clutching data of type (g, r) is a collection of data:
(41) D := (Γ+, {(gv, rv)}v∈VΓ , {λv}v∈VΓ),
where
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• Γ+ := (VΓ, EΓ, ζΓ, λΓ) denotes a marked semi-graph with r = ♯(BVΓ) whose underlying
semi-graph is (finite and) connected;
• (gv, rv) (for each v ∈ VΓ) denotes a pair of nonnegative integers with 2gv − 2 + rv > 0,
rv > 0, and g = β(Γ) +
∑n
j=1 gj;
• λv (for each v ∈ VΓ) denotes a bijection λv : Bv
∼
→ {1, · · · , rv} of sets.
Let D be a clutching data of type (g, r) as of (41) and {Xv}v∈VΓ a collection of pointed
stable curves over k indexed by the elements of VΓ, where each Xv := (Xv, {σv,i}
rv
i=1) is of type
(gv, rv). Here, we assume that the curves Xv are all smooth. The pointed curves Xv may be
glued together, by means of D, to a new pointed stable curve X := (X, {σi}
r
i=1) of type (g, r)
in such a way that
• the dual marked semi-graph associated with X is given by Γ+, where each vertex v ∈ VΓ
corresponds to the irreducible component Xv;
• if e = {b1, b2} is an edge of Γ with ζΓ(b1) = v1, ζΓ(b2) = v2 (for some v1, v2 ∈ VΓ),
then e corresponds to the node of X obtained by gluing together Xv1 at the λv1(b1)-th
marked point σv1,λv1 (b1) to Xv2 at the λv2(b2)-th marked point σv2,λv2 (b2);
• the i-th (i = 1, · · · , r) marked point of X arises from the λζΓ(λ−1Γ (i)>)
(λ−1Γ (i)
>)-th marked
point of XζΓ(λ−1Γ (i)>)
.
One may extend, in the evident way, this construction to the case where Xv’s are (possibly
non-smooth) pointed stable curves.
Denote by Clutv (v ∈ VΓ) the resulting morphism Xv → X . We shall write X
X-log
v for the log
scheme obtained by equipping Xv with the log structure pulled-back from the log structure
of X log via Clutv. The structure morphism Xv → Spec(k) of Xv extends to a morphism
XX-logv → Spec(k)
X-log of log schemes. Moreover, the morphism XX-logv → Xv extends naturally
to a commutative square diagram
XX-logv −−−→ X
Xv-log
vy y
Spec(k)X-log −−−→ Spec(k)Xv-log.
(42)
The resulting morphism
ev : X
X-log
v → X
Xv-log
v ×Spec(k)Xv-log Spec(k)
X-log(43)
is verified to be log e´tale. (Note that the underlying morphism of ev coincides with the identity
morphism of Xv.) In particular, it induces an isomorphism
ΩXXv -logv /kXv-log
∼
→ ΩXX-logv /kX-log
(
∼
→ Clut∗v(ΩXX-log/kX-log)
)
(44)
of OXv -modules.
Next, let∇Ω be a k
X-log-connection on ΩXX-log/kX-log . For each v ∈ VΓ, the pull-back Clut
∗
v(∇Ω)
of ∇Ω to Xv forms a k
X-log-connection on ΩXX-logv /kX-log . Moreover, by means of (44), Clut
∗
v(∇Ω)
may be thought of as a kXv-log-connection
∇vΩ : ΩXXv-logv /kXv-log → Ω
⊗2
XXv-logv /kXv-log
(45)
on ΩXXv-logv /kXv-log . We shall refer to ∇
v
Ω as the restriction of ∇Ω to Xv.
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Proposition 1.5.2.
Let us keep the above notation.
(i) Suppose that ∇Ω specifies a pre-Tango structure on X. Then, for each v ∈ VΓ, the
restriction ∇vΩ specifies a pre-Tango structure on Xv. If, moreover, ∇
v
Ω (v ∈ VΓ) is of
monodromy ~ε v := (εvi )
rv
i=1 ∈ F
×rv
p , then the collection(
τ−1(ε
ζΓ(b)
λζΓ(b)(b)
)
)
b∈BΓ
∈ F˜BΓp(46)
(where εVΓλVΓ (b)
:= −ε
ζΓ(b
>)
λζΓ(b>)
(b>) for any b ∈ BVΓ) forms a p-branch numbering on Γ.
(ii) Conversely, let ~mD := (mb)b∈BΓ ∈ F˜
BΓ
p be a p-branch numbering on Γ of exponent
~ε ∈ F×rp (where ~ε := ∅ if r = 0). Suppose that on each Xv, we are given a pre-Tango
structure ∇Ω,v of monodromy (τ(mλ−1v (i)))
rv
i=1. Then, there exists a pre-Tango structure
∇Ω on X of monodromy ~ε, which is uniquely determined by the condition that for any
v ∈ VΓ the restriction of ∇Ω to Xv coincides with ∇Ω,v.
Proof. Assertions (i) and (ii) follow immediately from [14], Proposition 7.2.1 (i), (ii) and the
fact that for each v ∈ VΓ, the restriction of the Cartier operator CXX-log/kX-log to Xj may be
identified, via (44), with CXXv-logv /kXv-log . 
Let ~ε be an element of F×rp (where ~ε := ∅ if r = 0), D a clutching data of type (g, r) with
underlying marked semi-graph Γ+ := (VΓ, EΓ, ζΓ, λΓ), and ~mD := (mb)b∈BΓ ∈ F˜
BΓ
p a p-branch
numbering on Γ of exponent ~ε. If we write ~ε vD := (τ(mλ−1v (i)))
rv
i=1 (for each v ∈ VΓ), then (by
applying Proposition 1.5.2 above) a collection of pre-Tango structures (∇Ω,v)v∈VΓ , where each
∇Ω,v is of monodromy ~ε
v
D , induces a pre-Tango structure ∇Ω on X of monodromy ~ε. The
assignment (∇Ω,v)v∈VΓ 7→ ∇Ω induces a morphism
ClutD, ~mD :
∏
v∈VΓ
TanXv,~ε vD → TanX,~ε.(47)
Proposition 1.5.3.
Let D and ~ε be as above. Then, the following map is bijective:∐
~mD
∏
v∈VΓ
TanXv,~εvD
∐
ClutD,~mD−−−−−−→ TanX,~ε,(48)
where the disjoint union in the left-hand side is taken over the set of p-branch numberings on
Γ of exponent ~ε.
Proof. The assertion follows immediately from the decomposition (33), Proposition 1.5.2, and
the definition of ClutD, ~mD . 
2. Combinatorial description of dormant Miura opers
2.1. Balanced p-edge numberings.
12 YASUHIRO WAKABAYASHI
In this section, we shall study a combinatorial description of dormant Miura sl2-opers (equiv-
alently, pre-Tango structures) on a totally degenerate curve. We first recall the combinatorial
description of dormant sl2-opers on a totally degenerate curve, which was essentially given
in the previous work of p-adic Teichmu¨ller theory due to S. Mochizuki (cf. [11], Chap.V, § 1,
(3), p. 232, or [14], § 7.11). The objects used to describe combinatorially dormant sl2-opers
will be referred, in the present paper, to as balanced p-edge numberings (cf. Definition 2.1.1
below). Let us fix a marked semi-graph Γ+ := (VΓ, EΓ, ζΓ, λΓ) whose underlying semi-graph is
connected, 3-regular, and of type (g, r).
Definition 2.1.1.
(i) A balanced p-edge numbering on Γ+ is a collection ~m := (mb)b∈BΓ ∈ F˜
BΓ
p of elements
of F˜p indexed by BΓ satisfying the following two conditions:
• For each edge e := {b, b>} ∈ EΓ, the equality mb = mb> holds.
• For each vertex v ∈ VΓ (where we write Bv := {b1, b2, b3} and ml := mbl for each
l = 1, 2, 3), the inequalities in ⋆m1,m2,m3 displayed below are satisfied:
⋆m1,m2,m3 : |m2 −m3| ≤ m1 ≤ m2 +m3, m1 +m2 +m3 ≤ p− 2.
(By the first condition, any balanced p-edge numbering may be thought of as a num-
bering described on the set of edges EΓ, as its name suggests.)
(ii) Assume further that BVΓ 6= ∅. Let ~m := (mb)b∈BVΓ ∈ F˜
BΓ
p be a balanced p-edge
numbering on Γ and ~ε := (εi)
r
i=1 an element of F
×r
p . We shall say that ~m is of radii ~ε
if τ(mb) = ελΓ(b) for any b ∈ BVΓ . For convenience, (regardless of whether BVΓ is empty
or not) we shall refer to any p-edge numbering as being of radii ∅.
Denote by
p-EdbalΓ+(49)
the set of balanced p-branch numberings on Γ+. Also, for each ~ε ∈ F×rp (where ~ε := ∅ if r = 0),
we shall write
p-EdbalΓ+,~ε(50)
for the subset of p-EdbalΓ+ consisting of balanced p-branch numberings of radii ~ε. In particular,
we have
p-EdbalΓ+ =
∐
~ε∈F×rp
p-EdbalΓ+,~ε.(51)
2.2. Combinatorial description of dormant sl2-opers.
Next, let us construct a bijective correspondence between the set of dormant sl2-opers on a
totally degenerate curve and the set of balanced p-branch numberings on the dual semi-graph
of this curve. First, let us consider the case where (g, r) = (0, 3). Denote by [0], [1], and
[∞] the k-rational points of the projective line P1 over k determined by the values 0, 1, and
∞ respectively. After ordering the points [0], [1], [∞] suitably (say, σ1 := [0], σ2 := [1], and
σ3 := [∞]), we obtain a unique (up to isomorphism) pointed stable curve
(52) P := (P1, {σi}
3
i=1)
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of type (0, 3) over k. The dual marked semi-graph Γ+P := (VP, EP, ζP, λP) associated with P
is given as follows:
• VP := {v (:= P
1)};
• EP := {e1, e2, e3}, where
e1 := {σ1, {σ1}}, e2 := {σ2, {σ2}}, e3 := {σ3, {σ3}};(53)
• ζP : BΓP → VP ⊔ {VP} is given by
ζP(σ1) = ζP(σ2) = ζP(σ3) = v, ζP({σ1}) = ζP({σ2}) = ζP({σ3}) = VP.(54)
• λP : BVP (= {{σ1}, {σ2}, {σ3}})
∼
→ {1, 2, 3} is given by {σl} 7→ l for any l ∈ {1, 2, 3}.
The assignment (mb)b∈BΓP 7→ (mσ1 , mσ2 , mσ3) gives a bijective correspondence between the set
of balanced p-edge numberings on Γ+P and the set of triples (m1, m2, m3) ∈ Z
×3 of integers sat-
isfying the condition ⋆m1,m2,m3 . The inverse assignment is given by (m1, m2, m3) 7→ (mb)b∈BΓ ,
where mσl := ml, m{σl} := ml (for any l ∈ {1, 2, 3}). By passing to this correspondence, we
shall identify each balanced p-edge numbering on Γ+P with such a triple (m1, m2, m3).
Now, denote by ι the bijection defined as
ι : k → c(k)(55)
∈ ∈
a 7→ χ
((
a + p+1
2
0
0 −
(
a+ p+1
2
))) ,
where (−) denotes the image of (−) via the composite Z։ Fp →֒ k. Recall from [11], Chap. I,
§ 4.3, p. 117, Theorem 4.4 (or [14], Theorem A), that for each (ρ1, ρ2, ρ3) ∈ c(k)
×3 there exists
a unique sl2-oper E
♠
ρ1,ρ2,ρ3 on P of radii (ρ1, ρ2, ρ3). That is to say, we obtain a bijection
k×3
∼
→ Opsl2,P(56)
∈ ∈
(a1, a2, a3) 7→ E
♠
ι(a1),ι(a2),ι(a3)
.
Lemma 2.2.1.
The composite Z×3 ։ F×3p →֒ k
×3 (56)−−→ Opsl2,P restricts to a bijection
p-Edbal
Γ+
P
∼
→ Op
Zzz...
sl2,P.(57)
Proof. The assertion follows from [11], Chap.V, § 1, (3), p. 232 (cf. [14], the discussion in
§ 7.11. 
Next, we shall extend the above result to the case where the underlying curve is an arbitrary
totally degenerate curve. To this end, let us recall the definition of a totally degenerate
curve. Let X := (X, {σi}
r
i=1) be a pointed stable curve over k of type (g, r). Write νX :∐LX
l=1Xl → X for the normalization of X , where LX denotes some positive integer and each
Xl (l = 1, · · · , LX/k) is a proper smooth connected curve over k. Then, we shall say that X is
totally degenerate if, for any l = 1, · · · , LX, the pointed stable curve
(58) Xl := (Xl, ν
−1
X (EX) ∩Xl(k))
14 YASUHIRO WAKABAYASHI
is isomorphic to P, where we consider EX := NX ⊔ {σi}
r
i=1 (cf. (21)) as a subset of X(k).
Now, let X be a totally degenerate pointed stable curve over k of type (g, r). Then, X
may be obtained by gluing together finite copies of P by means of some clutching data whose
underlying marked semi-graph is Γ+X . For each v ∈ VX, we shall denote by Pv the 3-pointed
projective line corresponding to v (i.e., Pv ∼= P). Also, for each v ∈ VX and b ∈ Bv, we shall
denote by σb the marked point of Pv corresponding to b.
Let (mb)b∈BΓX be a balanced p-edge numbering on Γ
+
X . For each v ∈ VX with Bv :=
{b1, b2, b3}, the triple (mb1 , mb2 , mb3) specifies a balanced p-edge numbering on Γ
+
Pv
. This
triple corresponds, via (57), to a dormant sl2-oper E
♠
v on Pv. One may assume, without loss
of generality, that each E♠v is of canonical type (cf. [14], Definition 2.7.1). If e := {b, b
>} ∈ EΓX
is an edge with {VΓ} /∈ ζΓ(e), then the radius of E
♠
ζΓX(b)
at σb coincides with the radius of
E♠ζΓX(b>)
at σb> . It follows from [14], Proposition 7.3.3 (ii) that E
♠
v ’s may be glued together to
a dormant sl2-oper E
♠ on X (of canonical type). The bijectivity of (57) implies the following
proposition.
Proposition 2.2.2.
Let X be as above. Then, the assignment (mb)b∈BΓX 7→ E
♠ discussed above defines a bijection
p-Edbal
Γ+
X
∼
→ Op
Zzz...
sl2,X.(59)
If, moreover, r > 0, then for each ~ε := (εi)
r
i=1 ∈ F
×r
p , the bijection (59) restricts to a bijection
p-Edbal
Γ+
X
,~ε
∼
→ Op
Zzz...
sl2,X,ι(~ε)
,(60)
where ι(~ε) := (ι(εi))
r
i=1.
Remark 2.2.3.
If we use the notation (−)µ defined in (66) below, then (60) may be expressed as
p-Edbal
Γ+
X
,−~ε µ
∼
→ Op
Zzz...
sl2,X,χ(~ε·ρˇ)(61)
for each ~ε ∈ F×rp .
2.3. Strict p-branch numberings.
Next, in order to describe combinatorially dormant generic Miura sl2-opers (equivalently,
pre-Tango structures), we shall introduce the notion of a strict p-branch numbering, as follows.
Let Γ+ := (VΓ, EΓ, ζΓ, λΓ) be a marked semi-graph whose underlying semi-graph Γ is connected,
3-regular, and of type (g, r).
Definition 2.3.1.
A strict p-branch numbering on Γ+ is a p-branch numbering ~m := (mb)b∈BΓ ∈ F˜
BΓ
p on
Γ with mb 6= 0 (for any b ∈ BΓ) such that for each vertex v ∈ VΓ (where we shall write
Bv := {b1, b2, b3}), the equality
3∑
j=1
mbj = 1 + p(62)
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holds.
Denote by
p-BrstΓ+(63)
the set of strict p-branch numberings on Γ+. Also, for each ~ε ∈ F×rp (where ~ε := ∅ if r = 0),
we shall write
p-BrstΓ+,~ε(64)
for the set of strict p-branch numberings on Γ+ of exponent ~ε. The set p-BrstΓ+ decomposes
into the disjoint union
p-BrstΓ+ =
∐
~ε∈F×rp
p-BrstΓ+,~ǫ.(65)
Now, let us construct an assignment from each strict p-branch numbering to a balanced
p-edge numbering. Given an element m ∈ F˜p, we shall write m
µ for the element of F˜p defined
as follows:
mµ :=
{
p−m−1
2
if m is even;
m−1
2
if m is odd.
(66)
For each strict p-branch numbering ~m := (mb)b∈BΓ on Γ
+, the collection ~mµ := (mµb )b∈BΓ is
verify to specify a balanced p-edge numbering on Γ+. Thus, we obtain a map of sets
µcombΓ+ : p-Br
st
Γ+ → p-Ed
bal
Γ+(67)
∈ ∈
~m 7→ ~mµ,
which we shall refer to as the combinatorial dormant Miura transformation for Γ. Given
~ε := (εi)
r
i=1 ∈ F
×r
p (where ~ε := ∅ if r = 0), the map µ
comb
Γ restricts to a map
µcombΓ+,~ε : p-Br
st
Γ+,~ε → p-Ed
bal
Γ+,~ε µ,(68)
where ~εµ := (εµi )
r
i=1 (and ~ε
µ := ∅ if r = 0).
2.4. Combinatorial description of dormant generic Miura sl2-opers.
We shall describe the relationship between the set of pre-Tango structures and the set of
strict p-branch numberings. In a fashion analogous to the case of balanced p-edge numberings,
we shall identify each p-branch numbering (mb)b∈BΓP on ΓP with a triple (m1, m2, m3) ∈ F˜
×3
p ,
where ml := mσl = m
⊻
{σl}
(l = 1, 2, 3).
Lemma 2.4.1.
Let us consider the set
p-BrΓ+
P
:=
{
(m1, m2, m3) ∈ F˜
×3
p
∣∣∣∣∣ p|
(
3∑
i=1
mi − 1
)}
.(69)
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Then, an element (m1, m2, m3) of p-BrΓ+
P
specifies a strict p-branch numbering on Γ+P (in the
above sense) if and only if the triple (mµ1 , m
µ
2 , m
µ
3 ) specifies a balanced p-edge numbering on Γ
+
P
(i.e., satisfies the inequalities in ⋆mµ1 ,m
µ
2 ,m
µ
3
).
Proof. Let (m1, m2, m3) be an element of p-BrΓ+
P
such that (mµ1 , m
µ
2 , m
µ
3 ) satisfies the inequal-
ities in ⋆mµ1 ,m
µ
2 ,m
µ
3
. To complete the proof, it suffices to verify that this triple specifies a
strict p-branch numbering on Γ+P. Define m to be the integer with
∑3
i=1mi = mp + 1. Since
mi ≤ p− 1, the inequality m < 3 holds. Consider the case where m = 0. Then, after possibly
change of ordering, we may assume that m1 = m2 = 0 and m3 = 1. Then,
p− 2 ≥
3∑
i=1
mµi =
p− 1
2
+
p− 1
2
+ 0 = p− 1,(70)
which is a contradiction. Next, consider the case where m = 2. As the sum
∑3
i=1mi is odd,
either one of the following two cases (a), (b) is satisfied: (a) the three integers m1, m2, m3 are
all odd; (b) two of the three integers m1, m2, m3 are even and the remaining one is odd. But,
in the case (a), we obtain a contradiction since
p− 2 ≥
3∑
i=1
mµi =
3∑
i=1
mi − 1
2
= p− 1.(71)
On the other hand, we shall consider the case (b). Let us assume, without loss of generality,
that m1 is odd and both m2 and m2 are even. But, since
0 ≤ −mµ1 +m
µ
2 +m
µ
3 =
2p− 1−
∑3
i=1mi
2
= −1,(72)
this is a constradiction. Hence, the equality m = 1 holds. One verifies that mi 6= 0 for any i.
Indeed, one of them, say m1, coincides with 0 and m2 is odd (resp., even), then
0 ≤ −mµ1 +m
µ
2 +m
µ
3 = −
p− 1
2
+
p−m2 − 1
2
+
p−m3 − 1
2
= −1(73) (
resp., p− 2 ≥
3∑
i=1
mµi =
p− 1
2
+
m2 − 1
2
+
m3 − 1
2
= p− 1
)
.
This is a contradiction. Consequently, (m1, m2, m3) specifies a strict p-branch numbering on
Γ+P. This completes the proof of the lemma. 
Denote by Coψ=0P the set of (logarithmic) k-connections on ΩP1log/k with vanishing p-curvature.
(Hence, TanP specifies a subset of Co
ψ=0
P .) Let (m1, m2, m3) be a triple in p-BrΓ+p and let m
be the integer with mp =
∑3
i=1mi − 1. Denote by OP1(1)(−m) a unique (up to isomor-
phism) line bundle of degree −m on the Frobenius twist P1(1) of P1. We obtain the pull-back
F ∗(OP1(1)(−m)) of OP1(1)(−m) via the relative Frobenius morphism F : P
1 → P1(1). There
exists a k-connection ∇can on F ∗(OP1(1)(−m)) with vanishing p-curvature determined uniquely
by the condition that the sections of the subsheaf F−1(OP1(1)(−m)) (⊆ F
∗(OP1(1)(−m))) are
contained in Ker(∇can) (cf. [15], § 1.7). Also, one may construct uniquely a k-connection
∇canm1,m2,m3 on F
∗(OP1(1)(−m))(
∑3
i=1miσi) whose restriction to F
∗(OP1(1)(−m)) coincides with
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∇can. The monodromy of ∇canm1,m2,m3 at σi (i = 1, 2, 3) is −τ(mi). Since
deg(F ∗(OP1(1)(−m))(
3∑
i=1
miσi)) = −pm+
3∑
i=1
mi = 1 = deg(ΩP1(1)/k),(74)
we have an isomorphism F ∗(OP1(1)(−m))(
∑3
i=1miσi)
∼
→ ΩP1(1)/k. ∇
can
m1,m2,m3 corresponds, via
this isomorphism, to a k-connection ∇˘canm1,m2,m3 on ΩP1(1)/k of monodromy (−τ(m1),−τ(m2),−τ(m3)) ∈
k×3 (with vanishing p-curvature). Notice that this connection does not depend on the choice of
the isomorphism F ∗(OP1(1)(−m))(
∑3
i=1miσi)
∼
→ ΩP1(1)/k. The resulting assignment (m1, m2, m3)
7→ ∇˘canm1,m2,m3 determines a bijection
p-BrΓ+
P
∼
→ Coψ=0P .(75)
Indeed, its inverse is given by ∇ 7→ (τ−1(−µ∇1 ), τ
−1(−µ∇2 ), τ
−1(−µ∇3 )). In particular, a k-
connection on ΩP1log/k with vanishing p-curvature may be uniquely determined by its mon-
odromy.
Lemma 2.4.2.
The bijection (75) restricts to a bijection
p-Brst
Γ+
P
∼
→ TanP(76)
which makes the following diagram commute:
p-Brst
Γ+
P
(76)
∼
//
µcomb
Γ+

TanP ∼
(38)
//MOp
Zzz...
sl2,P
µ
Zzz...
P

p-Edbal
Γ+
P
∼
(57)
// Op
Zzz...
sl2,P
.
(77)
In particular, the set MOp
Zzz...
sl2,P
is in bijection with the set of triples (m1, m2, m3) consisting of
positive integers with
∑3
i=1mi = p+ 1.
Proof. It is immediately verified that the following diagram is commutative:
p-BrΓ+
P
//

CoP ∼
(37)
//MOpsl2,P
µP

F˜×3p
// Opsl2,P,
(78)
where
• the left-hand vertical arrow denotes the map given by (mi)
3
i=1 7→ (m
µ
i )
3
i=1;
• the upper left-hand horizontal arrow is the composite of (75) and the natural injection
Coψ=0P →֒ CoP;
• the lower horizontal arrow denotes the composite F˜×3p
τ×3
−−→ F×3p →֒ k
×3 (56)−−→ Opsl2,P.
The diagram (77) may be obtained from (78) by restricting F˜×3p and Opsl2,P to p-Ed
bal
Γ+
P
and
Op
Zzz...
sl2,P
respectively. This completes the proof of the lemma. 
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By applying Proposition 1.5.3, one may glue together the isomorphisms (76) applied to Pv
for the various v ∈ VX (with the notation following Lemma 2.2.1). The resulting isomorphism,
as displayed in (79) below, gives a combinatorial description of pre-Tango structures (as well
as dormant generic Miura sl2-opers) on an arbitrary totally degenerate curve. (Theorem A
follows from the following assertion together with the decompositions (33), (36), (51), 65.)
Corollary 2.4.3.
Let X be a totally degenerate pointed stable curve over k of type (g, r) and ~ε an element of F×rp ,
where ~ε := ∅ if r = 0. Then, there exists a canonical bijection
TanX,~ε
∼
→ p-Brst
Γ+
X
,−~ε
(79)
which makes the following diagram commute:
MOp
Zzz...
sl2,X,~ε·ρˇ
µ
Zzz...
sl2,P

TanX,~ε ∼
(79)
//
∼
(40)
oo p-Brst
Γ+
X
,−~ε
µcomb
Γ+
X
,−~ε

Op
Zzz...
sl2,X,χ(~ε·ρˇ)
∼
(61)
// p-Edbal
Γ+
X
,−~ε µ
.
(80)
In particular, the set MOp
Zzz...
sl2,X,~ε·ρˇ
is in bijection with the set p-Brst
Γ+
X
,−~ε
.
2.5. Case of g = 1.
Finally, we shall conclude the present paper with proving that there is no strict p-branch
numbering on Γ+ unless the underlying semi-graph Γ is of type (g, r) with g ≤ 1 (cf. Propo-
sition 2.5.1 below). Equivalently, there is no dormant generic Miura sl2-oper on any totally
degenerate curve of genus g > 1 (cf. Corollary 2.5.2).
Proposition 2.5.1.
Let Γ+ := (VΓ, EΓ, ζΓ, λΓ) be a marked semi-graph whose underlying semi-graph Γ is connected,
3-regular, and of type (g, r).
(i) If there exists a strict p-branch numbering on Γ+, then the inequality g ≤ 1 holds.
(ii) If g = 1, then the inclusion
p-BrstΓ+,~e →֒ p-Br
st
Γ+(81)
is bijective, where ~e := (−1,−1, · · · ,−1) ∈ F×rp if r > 0 (resp., ~e := ∅ if r = 0), and
the following equalities hold:
♯(p-Brst~e,Γ+) = ♯(p-Br
st
Γ+) = p− 1.(82)
Proof. First, we shall consider assertion (i). Let ~m := (mb)b∈BΓ ∈ F˜
BΓ
p be a strict p-branch
numbering on Γ+. Let us assume that g > 0. Since H1(Γ,Z) 6= 0 (where we regard Γ as a
topological space in the manner mentioned in Remark 1.1.5), one may find a vertex v0 of Γ and
a path (bj)
l
j=1 from v0 to v0 itself such that bj 6= b
>
j−1 for any j ∈ {1, · · · , l}, where b
>
0 := b
>
l .
(We shall refer to such a path as a reduced loop based at v0.) For each j ∈ {1, · · · , l}, there
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exists a unique branch bcj ∈ BΓ with BζΓ(bj) := {bj, b
>
j−1, b
c
j}. The assumption that ~m specifies
a strict p-branch numbering implies the following equalities
mb1 = p+ 1− (mb>0 +mb
c
1
),(83)
mb2 = p+ 1− (mb>1 +mb
c
2
)
= p+ 1− ((p−mb1) +mbc2)
= p+ 2− (mb>0 +mb
c
1
+mbc2),
mb3 = · · ·
...
...
...
mbl = p+ l − (mb>0 +
l∑
j=1
mbcj )
= l +mbl −
l∑
j=1
mbcj .
The last equality is equivalent to the equality l =
∑l
j=1mbcj , which implies the equality mbcj = 1
for any j ∈ {1, · · · , l}.
Now, suppose further that g ≥ 2. Then, one verifies from the topological structure of Γ
that (after replacing v0 by another vertex) there exist two reduced loops (b
′
j)
l′
j=1, (b
′′
j )
l′′
j=1 based
at v0 such that {b
′
1, b
′>
l } = {b
>
l , b
c
1}, {b
′′
1, b
′′>
l } = {b
c
1, b1}. By applying the above discussion
to (b′j)
l′
j=1 and (b
′′
j )
l′′
j=1 respectively, we obtain the equalities (mbc1 =) mb1 = mb>l = 1. Hence,
3 (= mb1 +mbc1 +mb>l ) = 1+ p, and this contradicts the assumption p > 2. Consequently, the
inequality g ≤ 1 holds.
Next, let us consider assertion (ii). Suppose that g = 1, and let v0 and (bj)
l
j=1 be as above.
If we are given a strict p-branch numbering ~m := (mb)b∈BΓ on Γ
+, then since mbcj = 1 and
mbj +mbcj +mb>j−1 = 1 + p (for any j), there exists a unique a ∈ {1, · · · , p− 1} satisfying the
condition (∗)a described as follows: (∗)a mbj = a and mb>j = p − a for any j. Conversely, for
each a ∈ {1, · · · , p−1}, one may construct a unique strict p-branch numbering ~m := (mb)b∈BΓ
on Γ+ satisfying the condition (∗)a in such a way that for each v ∈ BΓ \ {bj}
l
j=1, the multiset
[mb1 , mb2 , mb3 ] (where Bv = {b1, b2, b3}) coincides with [1, 1, p − 1]. If r > 0, then each such
strict p-branch numbering is verified to be of exponent ~e ∈ F×rp . Thus, this completes the proof
of assertion (ii). 
Corollary 2.5.2.
Let X be a totally degenerate curve over k of type (g, r). If there exists a dormant generic
Miura sl2-oper Ê
♠ on X, then the inequality g ≤ 1 holds. If, moreover, g = 1 (and r > 0), then
there exist precisely p − 1 dormant generic Mura sl2-opers on X, and these are of exponent ~e
(cf. Proposition 2.5.1 (ii) for the definition of ~e).
Proof. The assertion follows from Corollary 2.4.3 and Proposition 2.5.1. 
20 YASUHIRO WAKABAYASHI
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